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Near-field radiative heat transfer (NFRHT) is strongly related with many applications such as
near-field imaging, thermos-photovoltaics and thermal circuit devices. The active control of NFRHT
is of great interest since it provides a degree of tunability by external means. In this work, a
magnetically tunable multi-band NFRHT is revealed in a system of two suspended graphene sheets
at room temperature. It is found that the single-band spectra for B=0 split into multi-band spectra
under an external magnetic field. Dual-band spectra can be realized for a modest magnetic field (e.g.,
B=4 T). One band is determined by intra-band transitions in the classical regime, which undergoes
a blue shift as the chemical potential increases. Meanwhile, the other band is contributed by inter-
Landau-level transitions in the quantum regime, which is robust against the change of chemical
potentials. For a strong magnetic field (e.g., B=15 T), there is an additional band with the resonant
peak appearing at near-zero frequency (microwave regime), stemming from the magneto-plasmon
zero modes. The great enhancement of NFRHT at such low frequency has not been found in any
previous systems yet. This work may pave a way for multi-band thermal information transfer based
on atomically thin graphene sheets.
PACS numbers:
I. INTRODUCTION
The management of near-field radiative heat trans-
fer (NFRHT) has promising applications in energy con-
version1–3 and information processing4,5. Thanks to
the tunneling of evanescent waves (e.g., surface plas-
mon polaritions (SPPs)6,7, surface phonon polaritions
(SPhPs)8,9), the radiative heat flux can exceed the black-
body limit by several orders of magnitude for nanoscale
separation10,11. The field of NFRHT grows rapidly in re-
cent years12. Particularly, the thermal analogy of the
electronic devices4, i.e.,thermotronics, provides a new
possibility for information processing. The fast ther-
mal photon generated from NFRHT is an attractive in-
formation carrier compared with its counterpart of the
slow phonon (heat conduction)13. Up to now, the pro-
posals for fundamental circuit elements such as thermal
logic gates5, thermal rectifiers14, thermal memory15,16,
thermal transistors17 have been reported. Despite great
progress in thermal circuit devices, the active and fast
control of NFRHT is still highly desired for thermal in-
formation processing.
Recently, several strategies for active control of
NFRHT have been proposed18–28. For instance, one can
tune the NFRHT by external electric gating in 2D mate-
rials18 and ferroelectric materials19. Or one can use op-
tical pump, i.e., photo-excitation, to control NFRHT in
chiral meta-materials20 and semiconductors21. In addi-
tion, one can actively control NFRHT through an exter-
nal magnetic field22–25. Examples such as near-field ther-
mal Hall effect22, persistent directional heat current23,
anisotropic thermal magnetoresistance 24, and thermal
modulation25 were reported. Other schemes such as tem-
perature control in phase-change materials26,27, and me-
chanical strain28 are also investigated. However, pre-
vious studies of various strategies for active control of
NFRHT have been focused on enhancing or suppress-
ing the total heat flux. Little attention was paid on the
control of multi-band spectral bands. Inspired by the
multi-band devices in telecommunications, a controllable
thermal transfer system with multi-band spectra could
be significant for the development of thermal informa-
tion processing.
In order to realize multi-band NFRHT, one straight
scheme is to design a system with multiple frequency-
separated surface modes. The SPPs can be modulated
under an external magnetic field (or named magneto-
plasmon)29. The multi-band dispersions, i.e., energy
gaps appear in the dispersion relationship, can be found
in magneto-plasmon of doped semiconductors30 and
graphene31,32. Compared with the doped semiconduc-
tors, graphene is only one-atom thick33. Besides, the
cyclotron energy of graphene, characterized by the quan-
tized Landau level (LL) transitions34, can be much larger
than those of semiconductors under the same magnetic
field. The magneto-plasmon of graphene lies in Tera-
hertz and far infrared frequencies31,32, which guarantees
a high-efficiency thermal excitation at room temperature.
In this work, we investigate the NFRHT between two
parallel graphene sheets under a perpendicular magnetic
field. It is found that the single-band spectrum for B=0
can be split into multi-band spectra under an external
magnetic field at room temperature. The multi-band
spectra are determined by the LL transitions of graphene,
2FIG. 1: (color online) Schematic view of near-field radiative
heat transfer between two suspended graphene sheets in free
space. The upper sheet with higher temperature (T1) ra-
diates electromagnetic waves to the bottom one with lower
temperature (T2). (a) The spectrum of radiative heat flux is
single-band in the absence of an external magnetic field. (b)
The spectrum becomes multi-band under a sufficient strong
magnetic field.
which show interesting properties due to thermal fluctu-
ation. For a modest magnetic field (e.g., B=4 T), dual-
band spectra can be realized, contributed from intra-
band and inter-band LL transitions, respectively. Inter-
estingly, the latter one is quite robust against the change
of chemical potential. On the other hand, triple-band
spectra can be found under a strong magnetic field (e.g.,
B=15 T). Remarkably, there is an additional band with
the resonant peak appearing at near-zero frequency. The
great enhancement of NFRHT at such low frequency is
attributed to the magneto-plasmon zero modes. Finally,
the properties of multi-band NFRHT due to the scat-
tering rate, separation distance and substrate effect are
discussed at the end.
II. THEORIES FOR MAGNETICALLY
TUNABLE NFRHT
The system considered in this work is depicted in
Fig. 1. Two parallel graphene sheets are suspended in
free space with a separation distance d. The tempera-
tures for the upper and bottom sheets are respectively
T1 and T2. The value of the perpendicular magnetic field
B can be tuned though external control. In this work, we
consider the magnetic field B <17 T, where the Zeeman
splitting is negligible35. The magneto-optical conductiv-
ity of graphene is given by a tensor36,37:
(
σxx σxy
σyx σyy
)
=
(
σL σH
−σH σL
)
, (1)
where the subscripts L and H represent respectively the
longitudinal and Hall conductivities, and they can be
written in compact forms 37:
σL(H)(ω,B) = gsgv
e2
4h
∞∑
n6=m
Ξnm
L(H)
i∆nm
nF (En)− nF (Em)
h¯ω +∆nm + iΓnm
,
(2)
where gs=gv=2 are respectively the spin and valley de-
generacy factors, e is the charge of an electron, h is the
plank constant, Γnm is the scattering rate (the broaden-
ing of LLs), nF (En) = 1/[1 + exp(En − µc)/kBT ] is the
Fermi-Dirac distribution, and µc is the chemical poten-
tial, kB is the Boltzmann constant, ∆nm = En − Em is
the LL energy transition with n, m=0, ±1, ±2. . . are
the Landau indices, En =sign(n)[h¯vF /lB]
√
2|n| is the
energy of the n-th LL, vF=10
6 m/s is the Fermi velocity,
lB ≡
√
h¯/(eB) is the magnetic length, and the auxiliary
functions are given by:
ΞnmL =
h¯2v2F
l2B
(1 + δm,0 + δn,0)δ|m|−|n|,±1,
ΞnmH = iΞ
nm
L (δ|m|,|n|−1 + δ|m|−1,n), (3)
which are determined by the selection rule of LL tran-
sitions. The radiative heat flux between two graphene
sheets under an external magnetic field can be calculated
based on the fluctuation-dissipation theory 38:
〈S〉 =
1
(2pi)2
∫ ∞
0
∫ ∞
0
ξ(ω, q)qdq[Θ(ω, T1)−Θ(ω, T2)]dω,
(4)
where Θ(ω, T ) = h¯ω/(exp(h¯ω/kBT ) − 1) is the average
energy of a Planck’s oscillator for angular frequency ω at
temperature T , and q is the wavevector parallel to the
surface planes, ξ(ω, q) is the energy transmission coeffi-
cient, which is expressed as follows:
ξ(ω, q)
=
{
Tr[(I−R†2R2)D
12(I−R†1R1)D
12†],
Tr[(R†2 −R2)D
12(R†1 −R1)D
12†]e−2|γ|d,
q < k0
q > k0
(5)
where γ =
√
k20 − q
2 is the vertical wavevector with
k0 = ω/c being the wavevector in vacuum, D
12 =
(I−R1R2e
2iγd)−1 and Rj (j=1, 2) is the 2×2 reflection
matrix for the j-th graphene sheet, having the form:
Rj =
(
rssj r
sp
j
rpsj r
pp
j
)
, (6)
where the superscripts s and p represent respectively the
polarizations of transverse electric (TE) and transverse
magnetic (TM) modes. The matrix element rαβ (α, β =
s, p) represents the reflection coefficient for an incoming
α-polarized plane wave being reflected into an outgoing
β-polarized wave. For a suspended graphene sheet under
a perpendicular magnetic field, the reflection coefficients
are given analytically as follows39,40:
3rss = −
2k20σL + k0γ(σ
2
L + σ
2
H)
4k0γ + (2γ2 + 2k20)σL + k0γ(σ
2
L + σ
2
H)
,
rpp = −
2γ2σL + k0γ(σ
2
L + σ
2
H)
4k0γ + (2γ2 + 2k20)σL + k0γ(σ
2
L + σ
2
H)
, (7)
rps = −rsp =
2k0γσH
4k0γ + (2γ2 + 2k20)σL + k0γ(σ
2
L + σ
2
H)
,
where the elements of conductivity tensor are normal-
ized by the free-space impedance
√
µ0/ε0. Note that
the denominator in all reflection coefficients is the same.
By setting this denominator to be zero and the loss
term Γ=0, the dispersion of magneto-plasmon in single
graphene sheet can be obtained.
We now consider the NFRHT in the low frequency
limit ω → 0, where the normalized conductivities ImσL,
ImσH → 0 and ReσL, ReσH ≪ 1. For very large wave-
vector q ≫ k0, i.e., |γ| ≫ k0, only the reflection coeffi-
cient rpp plays an important role, and it can be simplified
as:
rpp = −
iqσL
2k0 + iqσL
. (8)
The pole of the denominator (real part) appears at ω=0,
which corresponds to a magneto-plasmon zero-mode.
The NFRHT is proportional to Im[rpp] 18, where it has
the expression Im[rpp]=-2k0/(qReσL). For a strong mag-
netic field, the longitudinal conductivity of graphene, i.e.,
the term ReσL, can be diminished with orders of mag-
nitude compared with the non-magnetic configuration,
based on the calculations of Eq. (2). As a result, the
NFRHT at near-zero frequency can be enhanced greatly
due to the magneto-plasmon zero modes, which is an im-
portant finding in our work. It should be pointed out
that the magneto-plasmon zero modes in 2D electron gas
systems were also demonstrated in the Ref.41.
III. RESULTS AND DISCUSSIONS
To understand the magneto-plasmon of graphene at
high temperature, we firstly inspect the Fermi-Dirac dis-
tribution n(ω) in Fig. 2(a). Clearly, n(ω) is a good
quantum number at low temperature 10 K, whereas it
becomes partially occupied at high temperatures 310 K
and 610 K, due to the thermal fluctuation. The inset
schematically shows the band structure of graphene with
quantized LLs and Fermi-Dirac distribution of electron
at high temperatures. The long-decay tails of n(ω) en-
able multiple intra-band LL transitions take place (such
as E1 →E2, E2 →E3) even though µc is smaller than the
first LL E1.
We are interest in the imaginary part of longitudi-
nal conductivity, i.e., Im[σL], as the magneto-plasmon of
graphene is mainly determined by this component31. The
magneto-plasmon of graphene are confirmed strongly
 T=10 K
 T=310 K
 T=610 K
(c)
(b)
2 3
(a)
E1
FIG. 2: (color online) (a) The Fermi-Dirac distribution of
graphene for different temperatures. The inset illustrates the
band structure of a graphene sheet with chemical potential µc
below the first LL. The imaginary part of longitudinal con-
ductivity Im[σL] for (b) µc=0.04 eV and (c) µc=0.08 eV. The
shaded regimes in (b) and (c) indicate the peaks of conduc-
tivity contributed by different LL transitions. The scattering
rate is set to be a constant with Γnm=Γ= 4 meV. The external
magnetic field B=4 T, and the first LL E1 ∼0.07 eV.
when Im[σL] is a positive number, providing a capability
for the enhancement of NFRHT. The comb-like curves
of Im[σL] are shown in Figs. 2(b) and 2(c), where the
magnetic field B =4 T, and the first LL E1 ∼0.07 eV.
The values of chemical potential of graphene are con-
trollable though external electric gating42. For chemical
potential µc=0.04 eV< E1, there is no intra-band transi-
tion for temperature 10 K. However, multiple intra-band
transitions (mainly E1 →E2 and E2 →E3) take place for
310 K and 610 K at low frequency, which differ consid-
erably from those of 10 K. The conductivity Im[σL] with
chemical potential located between E1 and E2 is shown
in Fig. 2(c) for µc=0.08 eV. At this time, the conductiv-
ity at low temperature 10 K is somewhat different from
those of µc=0.04 eV. Now there is an intra-band transi-
tion E1 →E2, whereas the inter-band transition E0 →E1
is absent. By contrast, both multiple intra-band (E1→
E2, E2 → E3) and inter-band (E0 → E1) LL transitions
still exist at temperatures 310 K and 610 K. However,
the dependence of Im[σL] on the temperature becomes
small at high frequency. This is because the energies of
inter-band LLs transitions are much higher than those of
40
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FIG. 3: (color online) (a) Spectral heat flux and (b) transmission coefficients(log scale) for two parallel graphene sheets under
different values of magnetic field. The inset in (a) shows the spectrum near-zero frequency for B=15 T. In (b), the white
line illustrates the light line q=ω/c, and the gray lines represent the corresponding dispersions of magneto-plasmon for single
graphene sheet. The dashed gray lines stand for the dispersions generated from the intra-band transition E2 →E3. We set the
chemical potential for two graphene sheets µc1 = µc2=0.08 eV, the scattering rate Γ=4 meV, the high temperature T1=310 K,
the low temperature T2=T1-10 K, and the separation distance d=100 nm.
thermal fluctuation (e.g, kBT ∼0.027 eV for 310 K).
Figure 3(a) shows the spectra of radiative heat flux un-
der different magnetic fields. In the absence of magnetic
field, the spectral heat flux is single-band as reported
in Ref.43. Compared with the non-magnetic configura-
tion, the spectra are modulated correspondingly after the
magnetic field is turned on. For instance, there are some
small peaks for B=1 T. As the magnetic field increases
further, dual-band spectra can be found for B=4 T, 7 T
and 10 T. Overall, the peaks of the two spectral bands
undergo a blue shift and the energy gap between these
two peaks enlarges as the magnetic field increases. For a
strong magnetic field B=15 T, triple-band spectrum can
be seen clearly. In addition to those two spectral bands
mentioned above, there is a remarkable band close to zero
frequency, and it is plotted in the inset for clarity. The
resonant peak for this low-frequency band appears at 0.8
meV (∼200 GHz), which lies in the microwave regime.
The great enhancement of NFRHT in such low frequency
has not been revealed in any previous systems before. Al-
though the amplitude of spectrum has been multiplied 4
times for B=15 T, the radiative heat flux can still exceed
the black body limit over 40 times, which is large enough
for potential applications in triple-band thermal devices.
To clarify the origin of multi-band spectra, we plot
of transmission coefficient ξ(ω, q) below the light line
in Fig. 3(b). The large wave-vector q ≫ k0 indicates
that the NFRHT is mainly contributed by the evanes-
cent waves. Specifically, the transmission coefficient for
B=0 is continuous over the frequency regime, resulting
in a single-band spectrum. By contrast, the transmis-
sion coefficients for B=4 T, 7 T, 10 T and 15 T turn
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FIG. 4: (color online) Spectral heat flux via chemical potential (µc1=µc2) for (a) B=4 T. The red dashed curves represent the
corresponding spectra for B=0, where the resonant peaks have a blue shift as the chemical potential increases. (b) B=15 T.
The middle spectral band (the orange shaded regime) changes dramatically with increasing the chemical potential. However,
the spectral bands marked by the blue shaded regimes in (a) and (b) are almost unchanged, showing a robust feature.
out to be frequency separated configurations, leading to
multi-band spectra. Interestingly, there is an extraor-
dinary band started from zero frequency, which is gen-
erated from magneto-plasmon zero modes as mentioned
before. This band can be prominently seen, especially
for strong magnetic field B=10 T and 15 T. It is worth
mentioning that the transmission coefficient ξ(ω, q) due
to high-order LL transitions can be seen as well for B=4
T and 7 T with ω >0.15 eV/h¯. However, the contribu-
tion of high-order LL transitions to the NFRHT is very
small, due to the fast decay of the term Θ(ω, T ) at high
frequency. For comparison, the dispersions of magneto-
plasmon in single graphene sheet are given correspond-
ingly. It is found that the dispersions turn out to be a
series of branches at the presence of magnetic field, which
agree well with transmission coefficient ξ(ω, q). Since the
transmission coefficient ξ(ω, q) generated from intra-band
transition E2 →E3 is very small, the corresponding dis-
persions are plotted in the dashed gray lines to indicate
their insignificance in NFRHT.
The chemical potential of graphene is an important pa-
rameter, which can be tuned greatly by electrical gating.
The spectral heat flux via different chemical potential
are shown in Figs. 4(a) and 4(b). For B= 4 T, there
are two primary spectral bands. The first primary band
(marked by the black arrows) has a relative poor excita-
tion when the chemical potential is small (e.g., µc = 0.02
eV). As the chemical potential increases, however, the
magnitudes of this band increase and the spectral peaks
have a blue shift. This evolution is attributed to the
properties of intra-band transition. On the other hand,
the second band (marked by blue shaded regime) is con-
tributed by the inter-band LL transition (E0→E1). Sur-
prisingly, the magnitude and line-shape of this spectral
band have little change as chemical potential increases
from 0.02 eV to 0.1 eV, showing a robust feature. For
comparison, the spectral heat flux for B=0 are given by
the red dashed lines. The resonant peaks of spectra for
B=0 undergo a blue shift when the chemical potential
increases, indicating a trivial feature contributed by the
intra-band transitions. For a strong magnetic field B=15
T, the first and the third spectral bands (blue shaded
regimes) are robust against the change of chemical po-
tential as well. Interestingly, the middle spectral band
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FIG. 5: (color online) Contour plots of spectral heat flux
for different scattering rate. (a) B=4 T, and (b) B=15 T.
The black arrows indicates the primary bands, and the gray
arrows represent secondary bands contributed from high order
LL transitions. The chemical potential, temperatures and
separation distance are kept the same as those in Fig. 3.
(orange shaded regimes) contributed by intra-band tran-
sitions is suppressed strongly at low doping 0.02 eV and
0.04 eV. This is attributed to high energy of first LL (E1∼
0.14 eV for 15 T), resulting in low probability of intra-
band transition. As expected, the magnitude of the mid-
dle spectrum-band increases with the chemical potential,
and it has the same order with the two side bands when
the chemical potential µc ∼0.08 eV. Thus, triple-band
radiative heat transfer can be realized for suitable tun-
ing of chemical potential under a strong magnetic field.
As the chemical potential increases further to µc=0.1 eV,
the middle band is dominant.
To study in a more general way, the scattering rate
is assumed to be a constant but within a typical range
Γ ∈ [1, 12]meV (see, e.g.,31,44). The contour plots of
spectral heat flux are shown in Figs. 5(a) and 5(b). For
B=4 T, the peak frequencies of the two primary bands
indicated by the black arrows almost do not changed as Γ
increase from 1 meV to 12 meV. Although the magnitude
of spectral band become smaller for large scattering rate,
the two primary bands are still dominant. The contour
plot of spectral heat flux for B=15 T is shown in Fig. 5(b).
Again, three primary bands can be seen clearly even for
large scattering rate. The magnitude of the middle band
decreases monotonously as the scattering rate increases.
Interestingly, the magnitude for the low-frequency band
is almost unchanged, whereas the bandwidths become
broaden with increasing scattering rate.
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FIG. 6: (color online) (a) The radiative heat flux as a func-
tion of magnetic field, normalized by blackbody limit. (b)The
modulation of radiative heat flux in the presence of magnetic
field, defined as η = 〈S(B = 0)〉/〈S(B)〉. The solid and dash
curves represent the scattering rate Γ=4 meV and 8 meV, re-
spectively. The chemical potential and temperatures are kept
the same as those in Fig. 3.
Figure 6(a) shows the radiative heat flux as a func-
tion of magnetic field for scattering rate Γ=4 meV and
8 meV. It is found that the deviation of 〈S(B)〉 for these
two scattering rate is small for separation distance d=50
nm. For d=50 nm and d=100 nm, there exist a max-
imum enhancement of spectral heat flux near B∼2 T,
and the values are about 1000 times and 300 times over
the blackbody limit, respectively. Nevertheless, 〈S(B)〉
decreases monotonically as the value of magnetic field
increases further. For d=200 nm, however, 〈S(B)〉 de-
creases monotonically from B=1 T to B=16 T. The
modulation of NFRHT due to the presence of external
magnetic field is shown in Fig. 6(b), where the ratio
η = 〈S(B = 0)〉/〈S(B)〉 is used. This ratio is relatively
small for a moderate magnetic field, whereas it can in-
crease dramatically as the magnetic field becomes strong.
Taking B=15 T (Γ=4 meV) as an example, the ratio η is
about 4.8, 6.2 and 10 times for separation distances d=50
nm, 100 nm and 200 nm, respectively. The ratio η can
be further enlarged as the scattering rate Γ=8 meV. The
modulation of NFRHT between graphene sheets here is
much larger than those of semiconductor such as InSb
and doping Si under a perpendicular magnetic field25.
Technically, suspended graphene sheets can be real-
ized in the experiments45,46. However, graphene sheets
are generally deposited on a variety of different sub-
strates47. The substrate effect for NFRHT is demon-
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FIG. 7: (color online) Spectral heat flux for graphene sheets
placed on top of substrates with permittivity εs, where the
thickness of the substrates is semi-infinite. The magnetic
fields are (a) 4 T and (b) 15 T, respectively. Other parameters
are kept the same as those in Fig. 3.
strated in Figs. 7(a) and 7(b). As the permittivity of the
dielectric substrate (non-polar and non-dispersive mate-
rials) εs increases, all spectral peaks undergo a red shift.
Besides, the amplitudes of the second spectral band for
B=4 T and the middle spectral band for B=15 T de-
crease accordingly. It is expected that the substrate ef-
fect can be diminished as the thickness of substrates is
reduced. Nevertheless, the multi-band spectra still per-
sist even the substrates are taken into account. Finally,
it is worth mentioning that the type of doping (electron
or hole doping) in graphene could determine the sign of
Hall conductivity σH . The sign of σH is important for
some remarkable phenomena such as quantum Casimir
effect40 and Faraday rotation44. However, the sign of σH
has little effect for NFRHT since the magneto-plasmon
of graphene is dominant by the longitudinal component
of conductivities.
IV. CONCLUSIONS
In summary, magnetically tunable multi-band NFRHT
is revealed in a system of two suspended graphene sheets.
The single-band spectra for B=0 can be modulated
greatly in the presence of a sufficient strong magnetic-
field. Dual-band spectra can be realized for moderate
magnetic fields (e.g., B=4 T). One band is determined
by intra-band transitions in the classical regime, which
undergoes a blue shift as the chemical potential increases.
The other band is contributed by inter-band LL transi-
tion E0 →E1 in the quantum regime, showing a robust
feature against the change of chemical potential. On the
other hand, triple-band spectra can be found under a
strong magnetic field (e.g., B=15 T). Remarkably, there
is an extremely low-frequency band with the resonant
peak appearing at microwave regime, stemming from
the magneto-plasmon zero modes. The performances of
NFRHT due to the scattering rate, separation distance
and substrate effect are demonstrated as well. Although
the magnetic field considered in our work is static, it
can indeed be time-dependent such as sin-cos, sawtooth,
square-wave etc. As a result, a dynamic tunable multi-
band NFRHT would be possible under a time-dependent
magnetic field, providing a possibility for multi-band in-
formation transfer.
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